For a fixed smooth map u0 between two Riemann surfaces Σ and S with non-zero degree, we consider the energy function on Teichmüller space T of Σ that assigns to a complex structure t ∈ T on Σ the energy of the harmonic map ut : Σt := (Σ, t) → S homotopic to u0. We prove that the energy function is convex at its critical points. If t0 ∈ T is a critical point such that dut 0 is never zero, then the energy function is strictly convex at this point. As an application, in the case that u0 is a covering map, we prove that there exists a unique critical point t0 ∈ T minimizing the energy function. Moreover, the energy density satisfies 1 2 |du| 2 (t0) ≡ 1 and the Hessian of the energy function is positive definite at this point.
Introduction
The energy function on Teichmüller space has been widely studied for the past few decades. In particular, the (strict) convexity and plurisubharmonicity of energy function play a very important role in Teichmüller theory. The convex property of the energy function of harmonic maps on a surface can be used to prove that the Teichmüller space is a cell [31, Section 3.3] , and the plurisubharmonicity of the energy function of harmonic maps implies that it is a complex Stein manifold [3] , [37, Section 6] , [31, Theorem 6.1.1], and using the (2,0)-part of the pullback of the metric via harmonic maps, it is shown to be homeomorphic to the space of holomorphic quadratic differentials [33, Theorem 3.1] . In this paper, we will continue to consider the (strict) convexity of energy function associated to the harmonic maps between different surfaces.
For a fixed Riemannian manifold M and a smooth map (non-constant) u 0 from M to a Riemann surface Σ, we consider the harmonic maps u : M → Σ in the homotopy class [u 0 ] and the corresponding energy E(u) viewed as a function on Teichmüller space of Σ. The energy function has some remarkable properties, such as strict convexity along any Weil-Petersson geodesic [39, Theorem 3.1.1], and the logarithmic strict plurisubharmonicity [15, Theorem 0.1] . In particular the energy function has a unique critical point (minimum point) if the induced map between π 1 (M ) and π 1 (Σ) is surjective [39, Theorem 3.2.1]. On the other hand we can also consider the energy function on Teichmüller space of Σ that assigns to a complex structure on Σ the energy of the harmonic map u : Σ → N homotopic to a fixed smooth map u 0 , where N is a fixed Riemannian manifold. If N is also a negatively curved Riemann surface and the homotopy class consists of homotopy equivalences, Tromba [31, Theorem 6.2.6] showed that this energy function is strictly plurisubharmonic. When N has non-positive Hermitian sectional curvature, Toledo [32, Theorem 1] proved that the energy function is also plurisubharmonic. In [16, Theorem 0.1], we proved the reciprocal energy function is plurisuperharmonic, and thus the logarithm of energy function is plurisubharmonic. When N is Σ as a surface with a fixed complex structure and u 0 is the identity map, then the energy function has a unique critical point, the second derivative of energy function is exactly given by the Weil-Petersson metric [31, Theorem 3.1.3] . For a general N , if the map induced by u 0 between π 1 (Σ) and π 1 (N ) is injective, then there exists a critical point which minimizes the energy function, but the uniqueness within the homotopy class of u 0 fails in general; see [26] .
In this paper, we focus on the case when the target manifold N = S is also a fixed Riemann surface with genus g S ≥ 2 and consider the (strict) convexity of energy function and the uniqueness of the critical point. Our main theorem is Theorem 0.1. Let u 0 : Σ → S be a smooth map with non-zero degree, and let E(t) be the associated energy function on the Teichmüller space T of Σ. If t 0 ∈ T is a critical point of E(t), then the energy function is convex at this point. If moreover the associated harmonic map u t 0 satisfies that du t 0 is never zero, then the energy function is strictly convex at t 0 ∈ T .
Corollary 0.2. Suppose u 0 : Σ → S is a covering map, then there exists a unique critical point t 0 ∈ T minimizing the energy function E(t). Moreover, the energy density 1 2 |du| 2 (t 0 ) ≡ 1 and the Hessian of the energy function is positive definite at this point. Indeed, the hyperbolic structure on Σ is the pull-back of the hyperbolic metric on S via u t 0 .
We believe that the above corollary holds even for branched coverings with mild assumptions.
We explain briefly our method to prove Theorem 0.1 and Corollary 0.2. For any t 0 ∈ T with some abuse of notation let Γ(t), t ∈ (−ǫ, ǫ), be a Weil-Petersson geodesic in T passing through Γ(0) = t 0 . The hyperbolic metrics associated to Γ(t) can be expressed as
for some holomorphic quadratic differential qdz 2 on Σ t 0 := (Σ, t 0 ); see [34, (3.4) ].
Here g 0 = λ 2 0 dzdz denotes the hyperbolic metric on Σ t 0 . Let ρ 2 dvdv denote the hyperbolic metric on the fixed Riemann surface S. For each t ∈ (−ǫ, ǫ), there exists a unique harmonic map u t from (Σ, g(t)) to (S, ρ 2 dvdv) in the homotopy class [u 0 ]. Then the energy function along the Weil-Petersson geodesic is
.
Thus Theorem 0.1 would follow if we can prove that d 2 E(t)/dt 2 | t=0 ≥ 0 at a critical point t = 0 of E(t), and d 2 E(t)/dt 2 | t=0 > 0 if furthermore du t 0 is never zero. For the ease of notations, we use u t 0 = u for the rest of the section. The first derivative of energy function is given by
Here ·, · QB denotes the natural pairing between holomorphic quadratic differentials and harmonic Beltrami differentials. Thus, t 0 ∈ T is a critical point of energy function if and only if u * (ρ 2 dvdv) ≡ 0, i.e. u is weakly conformal [25, Theorem 4] . The second derivative of energy function is given by
where dµ g 0 := λ 2 0 i 2 dz ∧ dz and J is Jacobi operator defined in (2.35) , which is real, symmetric and semi-positive, ·, · is the Hermitian inner product on the bundle u * T C S defined by (2.32) and (2.33) . We denote by ∇ the natural induced connection on u * T C S from the Riemann surface (S, ρ 2 dvdv), and ∇ 0,1 denotes the (0, 1)-part of ∇, the adjoint operator of ∇ 0,1 is denoted by (∇ 0,1 ) * and set ∆ 0,1 = ∇ 0,1 (∇ 0,1 ) * + (∇ 0,1 ) * ∇ 0,1 , then
where R is a semi-positive operator. Thus
with the equality if and only if R(J −1 (∇ 0,1 ) * i µ du) = 0. Here µ :=q λ 2 0 dz dz is a harmonic Beltrami differential, H denotes the harmonic projection to Ker∆ 0,1 . If t 0 ∈ T is a critical point, then u t 0 is (anti)-holomorphic and
the energy function is convex at its critical points. If moreover, du t 0 is never zero, then we can prove H(i µ du) ≡ 0, so the energy function is strictly convex at this point. Hence we get Theorem 0.1.
If u 0 : Σ → S is a covering map, then u 0 is a surjective map with deg u 0 = 0, and for any p ∈ Σ, the induced homomorphism (u 0 ) * : π 1 (Σ, p) → π 1 (S, u 0 (p)) is injective. By [26, 29] , there exists a critical point minimizing the energy function. If t 0 ∈ T is a critical point, then u t 0 is weakly conformal and so ± holomorphic. By Riemann-Hurwitz formula,
where d i ≥ 1 is the ramification index of u t 0 ; see e.g. [22, Theorem 1.2 or (1.1)].
On the other hand, since u 0 is a covering map, so
Thus, each ramification index d i = 1, which implies that du t 0 is never zero. From Theorem 0.1, the energy function is strictly convex at its critical points. By [4, Lemma 4.11 (2) ] and noting that T is connected, the critical point is unique and this proves Corollary 0.2. This article is organized as follows. In Section 1, we fix the notation and recall some basic facts on the energy, harmonic maps between surfaces, and Weil-Petersson geodesics on Teichmüller space. In Section 2, we will calculate the first and the second derivatives of energy function along a Weil-Petersson geodesic. In Section 3 we will prove the (strict) convexity of energy function at its critical point and study the uniqueness of its critical pints, and we prove Theorem 0.1 and Corollary 0.2.
Preliminaries
In this section, we shall fix the notation and recall some basic facts on the energy, harmonic maps between surfaces, and Weil-Petersson geodesics on Teichmüller space. We refer [8, 12, 13, 31, 34, 37] for more details.
1.1. Energy function on Teichmüller space. Let Σ be a Riemann surface of genus g Σ ≥ 2, and z = x + iy denote the local holomorphic coordinate on Σ. Denote by
the hyperbolic metric, i.e. its curvature satisfies
The associated Hermitian metric is λ 2 dz ⊗ dz, and the fundamental (1, 1)-form is given by
where the last equality holds by Gauss-Bonnet theorem, χ(Σ) = 2 − 2g Σ is the Euler characteristic of Σ.
Let S be also a Riemann surface of genus g S ≥ 2, and equipped with the hyperbolic metric
where v denotes the local holomorphic coordinate on S. Thus
With respect to the local complex coordinates {v,v} on S, any smooth map u : Σ → S can be written as
for some local smooth functions u v , uv. The energy of u is defined [12, (3.6.1)] by
u is called harmonic if it is a critical point of the energy E, i.e., if it satisfies the following harmonicity equation:
where ∇ denotes the natural induced connection on the complexified bundle
from the Chern connection of the Hermitian line bundle (K * S , ρ 2 dv ⊗ dv).
Fix a smooth map u 0 : Σ → S with non-zero degree, i.e. deg u 0 = 0. Then any smooth map u : Σ → S in the homotopy class [u 0 ] has the same degree deg u = deg u 0 = 0, and so u is surjective. Let
be the Teichmüller space of Σ, where M −1 is the space of all smooth Riemannian metrics on Σ with scalar curvature −1 and D 0 is the group of all smooth orientation preserving diffeomorphisms of Σ in the identity homotopy class. For the fixed Riemann surface S and any hyperbolic metric g in M −1 , since each smooth map homotopic to u 0 is surjective, so there exists a unique harmonic map u(g) homotopy to u 0 ; see e.g. [ 
is a smooth function on M −1 . By the same argument as in [31, ,
for any f ∈ D 0 . Thus E descends to a smooth function on Teichmüller space T := M −1 /D 0 . We denote the energy function by E(t), t ∈ T .
1.2.
Weil-Petersson geodesic. For any t ∈ T , denote by Σ t = (Σ, t) the associated Riemann surface with the complex structure t ∈ T . Let ω Σt be the fundamental (1, 1)-form as in (1.1). The tangent space T t T is identified with the space of harmonic Beltrami differential µ = µ(z) dz dz , and the L 2 -norm defines the Weil-Petersson metric
The Weil-Petersson metric is Kähler [1] , negatively curved [30, 36] , not complete [5, 35] . However, the synthetic geometry is quite similar to that of a complete metric of negative curvature, and indeed Wolpert [37] showed that every pair of points can be joined by a unique Weil-Petersson geodesic, and a geodesic length function is strictly convex along a Weil-Petersson geodesic.
Fix a point t 0 ∈ T and let g 0 = λ 2 0 dzdz be the corresponding hyperbolic metric on Σ t 0 . Let Γ(t), (Γ(0) = t 0 ), be the Weil-Petersson geodesic arc with initial tangent vector given by the harmonic Beltrami differential µ =q λ 2 0 dz dz , where qdz 2 is a holomorphic quadratic differential on Σ t 0 . Then the associated hyperbolic metrics on Σ t has the following Taylor expansion near t = 0 as [34, (3.4)],
Here ∆ = 4
Variations of energy function
In this section, we will calculate the first and the second derivatives of energy function along a Weil-Petersson geodesic.
2.1. Energy function along Weil-Petersson geodesics. From (1.7) and (1.8) the Riemannian metric g(t) can be written as
where G is a matrix given by
The volume element dµ g(t) is given by
Fix a smooth map u : Σ → S with deg u 0 = 0. For each t, we get a harmonic map u = u t : (Σ, g(t)) → (S, ρ 2 dvdv) which is homotopic to a fixed smooth map u 0 . The energy density is defined by
and the matrix U is
It can be also written as (2.3),
Hence, the energy function [38, (1.2. 3), (1.2.4)] along the Weil-Petersson geodesic Γ(t) is given by
So
and then the energy at t = 0 is
which is same as (1.4).
2.2.
The first derivative. Now we calculate the first derivative of energy function E(t) at t = 0. The engergy (2.5) is
By the expression of dµ g(t) , (2.1) and (2.2), we have
So the second term in the RHS of (2.7) vanishes and
To find the integrand ∂|du| 2 ∂t | t=0 we use (2.4) and the formulas for G. We have
Since u t is a harmonic map, i.e. a critical point of energy functional E(u), so
Substituting (2.10) into (2.9) and using (2.11), we obtain
where ·, · QB is a pairing between holomorphic quadratic differentials and harmonic Beltrami differentials by
Thus if t = 0 is a critical point of the energy function, then (2.12) is equal to zero for any harmonic Beltrami differential, which implies that
the harmonic map u for t = 0 is weakly conformal, and so u is ± holomorphic, see e.g. [2, Page 87 and Proposition 3.5.9]. In fact, the (0, 1)-part of the natural connection ∇ u * K * S ⊗K Σ gives a holomorphic structure on the bundle u * K * S ⊗ K Σ , and the harmonicity equation 
The second term in the RHS, by (2.1) and (2.6), is
To deal with the first term in the RHS of (2.13) we use (2.4) to find (2.15) 1 2
where the last two equalities follow from
. The pullback complexified tangent bundle u * T C S = u * (K * S ⊕ K * S ) → (−ǫ, ǫ) × Σ endows with an induced connection from the Chern connection of the Hermitian line bundle (K * S , ρ 2 dv ⊗ dv), and we denote it also by ∇.
Here we have used the fact that
Similarly,
We integrate the first term in the RHS of (2.20) above using (1.5) and integration by parts,
Thus, altogether using (2.13)-(2.16), (2.20) and (2.21) we obtain
Note again that u t is a harmonic map for each t ∈ (−ǫ, ǫ), so it satisfies the following harmonicity equation
where ∇ u * T C S⊗K Σ denote the induced the connection from the connection ∇ on u * T C S and the Chern connection on the Hermitian line bundle (K Σ , 1
Taking the derivative of both sides of (2.24) at t = 0 results in
Γz zz } denote the Christoffel symbols of the hyperbolic metrics g(t). Since G zz = tq,Gzz = tq and q is holomorphic, so
This implies that for all t
On the other hand, by (1.5) and (2.18) we have (2.28)
Thus, by (2.27) and (2.28), (2.25) can also be written as
By Stokes' theorem and using (2.29), the first term in the RHS of (2.22) reduces to
Substituting (2.30) into (2.22) gives (2.31)
For the pullback complexified tangent bundle u * T C S = u * K * S ⊕ u * K * S , it can be equipped with the following pointwise Hermitian inner product 32) and the global inner product is defined by
It can be easily checked that 2q
∂z is a global section of u * T C S, and
which is exactly the second term in the RHS of (2.31). Here ∂u ∂z := u * ( ∂ ∂z ) and ∂u ∂t := u * ( ∂ ∂t ). Note that ∇ is the natural induced connection on u * T C S, then the Jacobi operator is given by
which acts on the smooth section of u * T C S, where the curvature operator R = ∇ 2 is given by 
Proof. J is real since
For any smooth vector fields X and Y of u * T C S,
which implies J is symmetric. Here we used the notation
where the last inequality follows from
So the operator J is semi-positive. Lastly, since J = J , so
where the third equality holds since
and the fifth equality holds since ∇ z u v z = 0 at t = 0, the sixth equality follows from (2.25) . The proof is complete.
Substituting (2.6), (2.34) and (2.35) into (2.31) obtain Theorem 2.4. The second derivative of energy function is given by
Remark 2.5. Note that in [32, (8) , (9) ], Toledo also obtained two expressions on the second derivative of energy function involving the first and second derivatives of complex structure ∂J ∂t , ∂ 2 J ∂t 2 . For the second term in the RHS of (2.37), it is independent of the solution of J (•) = −Re( 2q Proof. Let V 1 , V 2 be any two solutions of (2.38), then J (V 1 − V 2 ) = 0. By Proposition 2.3, J is symmetric, so
which completes the proof.
Combining above Proposition and Theorem 2.4 we have Corollary 2.7. The second derivative of energy function is given by
where V ∈ A 0 (Σ, u * T C S) is a solution of (2.38).
Convexity of energy function
In this section, we will prove the (strict) convexity of energy function at its critical point and discuss the uniqueness of its critical points.
Denote by ∇ 0,1 the (0, 1)-part of the connection ∇. We define a Hermitian pointwise inner product on the line bundle K Σ by
Combining with (2.32), (2.33), there is an induced inner product ·, · on the space A 0,1 (Σ, u * T C S). Denote by (∇ 0,1 ) * the adjoint operator of ∇ 0,1 with respect to ·, · . Then the action on the space A 0,1 (Σ, u * T C S), (∇ 0,1 ) * is given by
Denote the Hodge-Laplacian of ∇ 0,1 by ∆ 0,1 := ∇ 0,1 (∇ 0,1 ) * + (∇ 0,1 ) * ∇ 0,1 .
In terms of ∆ 0,1 the Jacobi operator J on smooth sections of u * T C S is 
From (3.1) and noting R is semi-positive, KerJ ⊂ Ker∆ 0,1 , so
Since J = ∆ 0,1 + R is a symmetric elliptic partial differential operator, so there exists the Green operator J −1 satisfies
for any V ∈ A 0 (Σ, u * T C S); see e.g. [14, Page 450, Corollary] . Here P KerJ denotes the orthogonal projection to KerJ . From (3.3), there is a unique solution
Then V is a solution of (2.38). Using (3.2) we find
On the other hand,
with equality if and only if R(J −1 (∇ 0,1 ) * i µ du) = 0; see e.g. [15, (2.48) ]. The RHS of the above is (3.6) (∇ 0,1 ) * i µ du, (∆ 0,1 ) −1 ((∇ 0,1 ) * i µ du) = i µ du, ∇ 0,1 (∆ 0,1 ) −1 ((∇ 0,1 ) * i µ du)
where H denotes the harmonic projection to the space Ker∆ 0,1 , the second equality follows from (∇ 0,1 ) 2 = 0 on Σ, the fourth equality holds by the identity Id = H + (∆ 0,1 ) −1 ∆ 0,1 . Note that
Substituting (3.5), (3.6) and (3.7) into (3.4) follows
By Corollary 2.7 we conclude Proposition 3.1. The second derivative of energy function at t = 0 satisfies
, with the equality if and only if R(J −1 (∇ 0,1 ) * i µ du) = 0. Now we begin to prove our main theorem, stated as Theorem 0.1 in Introduction.
Theorem 3.2. If t 0 ∈ T is a critical point of energy function, then the energy fucntion is convex at t 0 . If moreover, du t 0 is never zero, then the energy function is strictly convex at t 0 .
Proof. If t 0 ∈ T is a critical point of energy function, then the associated harmonic map u at t = 0 is ± holomorphic by Proposition 2.2. Without loss of generality, we may assume that u is holomorphic. Denote
In Ω, we have (3.8)
where the first equality follows from (3.2), the second equality holds since u is holomorphic. We assume that
where X 1 is a smooth section of u * K * S , while X 2 is a smooth section of u * K * S . Since u is holomorphic, on Ω,
Thus
on Ω for some local smooth functions X z 1 , Xz 2 . By the definition of J (2.35), we get on Ω
which is a smooth section of u * K * S . Similarly, J (X 2 ) is a section of u * K * S on Ω. Let J act on both sides of (3.9) and noting that (∇ 0,1 ) * i µ du is a section of u * K S on Ω, we get
on Ω.
Since Ω = Σ, so (3.10) holds on Σ. Thus
Since on Ω, J (X 1 ) is a section of u * K * S , while X 1 is a section of u * K * S , then the pointwise inner product
on Ω, so is on Σ = Ω. Therefore J (X 1 ), X 1 = 0. (3.12) Furthermore J (X 2 ) = 0, and using J (X 2 ), X 2 = 0 we get R(X 2 ) = 0. Thus
since X 1 is parallel to ∂u ∂z on Ω. By using (3.11), (3.12), (3.13) and Proposition 3.1, we have 14) i.e. the energy is convex at the critical point t 0 ∈ T . If moreover, du t 0 is never zero, i.e. at t = 0,
∂ ∂v is never zero, which is equivalent to u v z is also never zero, i.e. Ω = Σ. Then
where J is given by (2.35) and
Here the inner product ·, · is given by
We can also prove Proposition 3.1 in this case as follows.
Denote
Since [u 0 ] is non-trivial, so du ≡ 0, and also ∂u ∂z ≡ 0. Thus Ω = ∅. By harmonicity equation, Ω = Σ. In this case, if t 0 is a critical point, then ∂u ∂z ⊥ ∂u ∂z . Since | ∂u ∂z | = | ∂u ∂z |, so u is an immersion on Ω. u(Σ) is called a totally geodesic immersed submanifold on Ω if ∇ u * (X) u * (Y ) ∈ u * (T C Σ) for any local smooth vector fields X, Y of T C Σ = T Σ ⊗ C on Ω, i.e. the second fundamental form of u(Σ) vanishes on Ω. Under the assumption of u(Σ) is a totally geodesic immersion submanifold almost everywhere and t 0 = Γ(0) is a critical point, we also have
almost everywhere, and thus d 2 E(t) dt 2 | t=0 = 4 H(i µ du) 2 ≥ 0. i.e., the energy function is convex at the critical point t 0 ∈ T . Moreover, if du t 0 is never zero, the same argument as the proof of Theorem 3.2, the energy function is strictly convex at t 0 ∈ T .
As an application of Theorem 3.2, we have Corollary 3.4. If u 0 : Σ → S is a covering map, then there exists a unique complex structure t 0 ∈ T such that the associated harmonic map u t 0 is ± holomorphic, and
Moreover, the energy density satisfies 1 2 |du| 2 (t 0 ) ≡ 1. Indeed, the unique hyperbolic metric on Σ which minimizes the energy is the pull-back hyperbolic metric via u t 0 . In this case,
Proof. If u 0 : Σ → S is a covering map, then u 0 is a surjective map with deg u 0 = 0, and for any p ∈ Σ, the induced homomorphism (u 0 ) * : π 1 (Σ, p) → π 1 (S, u 0 (p)) is injective; see e.g. [20, Theorem 11.16] . By [26, 29] , the energy function E(t) is proper (see also [8, Proposition 4.13] ). Thus there exists a critical point t 0 ∈ T such that
for all t ∈ T . From Proposition 2.2, the associated harmonic map u t 0 is ± holomorphic. So
where the first equality holds by (1.4), the second equality holds since u is ± holomorphic, the third equality holds by the definition of degree, the fifth equality follows from the identity
for covering maps; see e.g. [22, Theorem 1.1], and the last equality follows from (1.2).
For any critical point t ∈ T , u t is ± holomorphic, and the Riemann-Hurwitz formula gives
where d i ≥ 1 is the ramification index; see [22, Theorem 1.2 or (1.1)]. Combing with (3.15) shows that d i = 1, so ∂ut ∂z is never zero, so is du t . By Theorem 3.2, we conclude the energy function is strictly convex at its critical points. Thus E(t) is a Morse function with only index zero. From [4, Lemma 4.11 (2) ] and noting that T is connected, the energy function E(t) has a unique critical point t 0 ∈ T .
Without loss of generality, we may assume u t 0 is holomorphic, so
Since u v z is local holomorphic and with no zero point so 1
See [28, (16) - (19) ] for a general formula on the Laplacian of energy density. By maximal principle, i.e., if z 0 is a maximum point for the energy density, then the above is less than zero, hence 1 2 |du| 2 − 1 ≤ 0 for all z in Σ. But E(t 0 ) = Area(Σ) implies that, 1 2 |du| 2 (t 0 ) ≡ 1. By (3.8), (∇ 0,1 ) * i µ du = 0, i.e. i µ du is harmonic. Thus
by the definition of Weil-Petersson metric (1.6). From (3.14), we have
Since the energy density is identically 1, so the pull-back metric by u t 0 is u * t 0 (ρ 2 dvdv) = ρ 2 |u v z | 2 dzdz = λ 2 0 dzdz, which is the unique hyperbolic metric minimizing the energy. The proof is complete. over a given compact surface Σ, he produces a homeomorphism H J : Q(2, J) ⊕ · · · ⊕ Q(n, J) → Rep H (π 1 (Σ), PSL(n, R)),
where Q(p, J) denotes the space of holomorphic p-differentials on Riemann surface (Σ, J); see also [18, Section 9 .1] for the construction of H J . For each J and ρ, there exists a unique (up to isometries) ρ-equivariant harmonic map f : Σ → SL(n, R)/SO(n), and thus obtain an energy function e ρ (J) on Teichmüller space ( [6, 7] or [19, Proposition 5.5.2] ). In particular, the ρ-equivariant harmonic map f is always an immersion [23, Theorem 1.1]. Note that H J is not mapping class group invariant, so in [18, Section 9.2], Labourie defines an equivariant Hitchin map by H : E (n) → Rep H (π 1 (Σ), PSL(n, R)), (J, ω) → H J (0, ω),
where E (n) is the vector bundle over Teichmuüller space whose fibre above the (isotopy class of the) complex structure J is E (n) J := Q(3, J) ⊕ · · · ⊕ Q(n, J).
In particular, the Hitchin map is surjective and the energy function e ρ (J) is proper [19] . In [17] and [18, Conjecture 9.2.3] Labourie conjectured the Hitchin map is a homeomorphism, and this conjecture is also equivalent to that the energy function e ρ (J) has a unique critical point for any Hitchin representation ρ. This is also a motivation for the authors to study the (strict) convexity of energy function at critical points. Our method here seems to give a new proof on Labourie's conjecture for the case of Fuchsian representations. Also note that in [21] , for a fixed complex structure, Q. Li proved that the energy density satifies 1 2 |df | 2 ≥ 1 for any Hitchin representation ρ and the equality holds at one point only if 1 2 |df | ≡ 1 and ρ is the Fuchsian representation.
